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Abstract— Five-dimensional (5-D) light field video (LFV) (also
known as plenoptic video) is a more powerful form of repre-
senting information of dynamic scenes compared to conventional
three-dimensional (3-D) video. In this paper, the 5-D spectrum
of an object in an LFV is derived for the important practical
case of objects moving with constant velocity and at constant
depth. In particular, it is shown that the region of support
(ROS) of the 5-D spectrum is a skewed 3-D hyperfan in the 5-D
frequency domain, with the degree of skew depending on the
velocity and depth of the moving object. Based on this analysis,
a 5-D depth-velocity digital filter to enhance moving objects in
LFVs is proposed, described and implemented. Further, by means
of the commercially available Lytro light-field camera, LFVs
of real scenes are generated and used to test and confirm the
performance of the 5-D depth-velocity filters for enhancing such
objects.

Index Terms— Depth-velocity filters, multidimensional filter-
ing, light field videos, plenoptic videos, plenoptic function, spec-
tral analysis, linear-trajectory signals.

I. I NTRODUCTION

T HE seven-dimensional (7-D) plenoptic function, pro-
posed by Adelson and Bergen [1], describes the intensity

of light rays passing through the center of an ideal camera at
every possible location in the three-dimensional (3-D) space
(x, y, z), at every possible angle(θ, φ), for every wavelength
λ and at every timet. The five-dimensional (5-D) light field
video (LFV) (also known as plenoptic video) is a simplified
form of the 7-D plenoptic function derived by assuming the
intensity of a light ray does not change along its direction
of propagation and the red, green and blue (RGB) colour
components are used instead of the wavelength [2]. Ideally,
an LFV of a dynamic scene in free space contains all in-
formation of the scene because it captures all the light rays
emanating from the scene. This richness of information may
be exploited to accomplish novel tasks that are not possible
with conventional 3-D videos such as digital refocusing and
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depth-velocity filtering. In the next subsection, a brief review
of previous work is presented.

A. Related Work

3-D Linear-Trajectory Filtering: In many applications
including traffic analysis, motion detection, radar tracking and
computer vision, enhancement of moving objects is generally
accomplished by employing 3-D velocity filters (also known
as 3-D linear-trajectory filters) [3]–[7]. Such filters selectively
filter moving objects based on their two-dimensional (2-D)
spatial velocities. A number of design methods for 3-D veloc-
ity filters are found in the literature. In [8], a 3-D infinite-extent
impulse response (IIR) filter having a planar passband has
been proposed based on the concept of network resonance to
enhance moving objects having linear trajectories, i.e. objects
moving with constant velocities. In [9], the work presented
in [8] has been extended to 3-D IIR adaptive filters for tracking
and enhancing moving objects with general trajectories. An-
other IIR filter design technique for tracking moving objects
with linear or nonlinear trajectories has been presented in[10].
In [11], an optimal 3-D finite-extent impulse response (FIR)
filter for detecting moving objects with linear trajectories has
been proposed. Two 3-D IIR filter banks having wedge-shaped
(exterior of a wide-angle cone) passbands have been reported
in [12] and [13]. An IIR velocity filter and an IIR velocity filter
bank designed using multidimensional wave digital filters have
been presented in [7] and [14], respectively. Recently, another
low-complexity 3-D FIR filter bank has been proposed in [15].

4-D Depth Filtering: Four-dimensional (4-D) light fields
(LFs) have been used for image-based rendering systems [16],
[17], refocusing in digital photography [18]–[21] and exposing
occluded regions in a scene [22]–[26]. Another important
application is enhancing objects of a scene based on their
depth. This has been first demonstrated in [27] using a 4-
D depth filter having a planar passband. Similar results have
been reported in [22], [28] and [29]. In particular, an efficient
4-D IIR filter was proposed in [28]. In [30], a 4-D IIR dual-
fan filter is proposed to selective filtering of objects occupied
in a range of depths. Two hardware implementations of first-
order 4-D IIR hyper-planar filters that can be employed for
depth filtering of LFs have been proposed in [31] and [32].
Furthermore, recently, differential-form and integral-form 4-
D IIR depth filters and their hardware implementations have
been presented in [25] and [33], respectively.

5-D Light Field Video: Most of the early work on LFVs
was about capturing and rendering systems. In [34] and [35],a
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system consisting of100 conventional video cameras, arranged
rectangularly on a plane, is presented. In [36], another system
has been described. This system was comprised of eight
conventional video cameras arranged in a line, and real-time
LFV compression and decompression has also been discussed.
Recently, an LFV capturing system, where conventional video
cameras were arranged in a hemisphere, has been presented
in [37]. This system is capable of recoding LFVs at30 fps
with a resolution of9000× 2400 pixels. A true LFV camera,
especially suitable for smart phones, is reported in [38]. In
the context of motion analysis in LFVs, 3-D motion estimation
has been studied in [39] and [40]. In addition, recently, closed-
form solutions for visual odometry for LFV cameras have been
reported in [41].

Spectral Analysis of the 7-D Plenoptic Function:Some of
the earliest work in spectral analysis of the plenoptic function
has been presented in [42] and [43] in the context of LFs and
image-based rendering. In particular, for a Lambertian scene, it
is shown that the region of support (ROS) of the spectrum of an
LF is bounded by the minimum and maximum depths. In [19]
and [44], the ROS of the spectrum of an LF is shown to be
a 3-D manifold in the 4-D frequency space, which is denoted
as a 3-D hyperfan in [45]. In [46], the spectral analysis of
the plenoptic function was extended to non-Lambertian and
occluded scenes exploiting the concept of the so-called six-
dimensional (6-D) surface plenoptic function. It is shown that
non-Lambertian reflections and occlusion broaden the ROS of
the spectrum of an LF. Furthermore, it was asserted that, in
most cases, the spectrum is not band limited even though the
surface plenoptic function may be band limited. In [47], the
bandwidth of the plenoptic function has been more precisely
analyzed, and show that the plenoptic function is not band
limited unless the scene is a flat surface. Moreover, it is
shown that the bandwidth of the plenoptic function depends on
the maximum surface slope in addition to the minimum and
maximum depths of the scene and the maximum frequency
of the texture of the scene. In [48], the bandwidth of the
plenoptic function has been examined under the finite field-of-
view constraint of cameras and finite scene width. It is shown
that finite constraints lead to band-unlimited plenoptic spectra
even for Lambertian scenes having only a flat surface.

B. Contributions of the Paper

We analyze the spectrum of an LFV that corresponds to
a Lambertian object moving with constant velocity and show
that such moving objects can be enhanced based on depth and
velocity by employing 5-D depth-velocity filters. To the best
of our knowledge, the proposed 5-D depth-velocity filter is
the first such 5-D filter applied to LFVs to enhance moving
objects based on depth and velocity.

We begin the analysis by showing that a Lambertian point
source moving with a constant velocity (i.e., having a linear
trajectory) is represented as a 3-D hypersurface of constant
value in the continuous-domain LFVs. Next, it is shown that
when the motion of the Lambertian point source is parallel
to the camera plane (i.e., the Lambertian point source moves
at a constant depth), the 3-D hypersurface is reduced to a 3-
D hyperplane. For this case, we derive the spectrum of the

LFV and its ROS in closed form. The ROS of the spectrum
is a plane through the origin in the 5-D frequency domain.
Based on the analysis for a Lambertian point source, the ROS
of the spectrum of a continuous-domain LFV, corresponding
to a Lambertian object moving with a constant velocity and
at a constant depth, is derived. For this case, it is shown
that the ROS of the spectrum is a skewed 3-D hyperfan in
the 5-D frequency domain. The degree of skew of the 3-D
hyperfan depends on both velocity and depth of the moving
object whereas the angle of the 3-D hyperfan depends on the
depth range occupied by the moving object. Furthermore, it
is shown that the essential bandwidth of the spectrum is finite
along the temporal frequency dimension and, therefore, the
corresponding discrete-domain LFV can be generated with
negligible aliasing by employing a sufficiently high temporal
sampling rate. The analysis is concluded by deriving the
ROS of the spectrum for a discrete-domain LFV sampled
with negligible aliasing and illustrating it through numerical
simulations.

The 3-D hyperfans corresponding to the ROSs of the spectra
of Lambertian objects moving with different constant veloci-
ties or at different constant depths do not overlap except atthe
origin in the 5-D frequency domain. This allows enhancement
of such objects based on depth and velocity by employing
5-D digital filters, what we define asdepth-velocityfilters.
In particular, we propose a novel 5-D depth-velocity filter
having a planar passband in the 5-D frequency domain. An
application of such filters is presented, where a moving object
of interest in an LFV (generated by employing a commercially
available Lytro LF camera) is enhanced while attenuating
other interfering moving objects. Experimental results indicate
that the proposed 5-D depth-velocity filters are capable of
enhancing moving objects and exposing occluded regions of a
scene. Consequently, they are of significant interest for many
applications such as digital video photography, surveillance
and security systems, and various applications in computer
vision.

C. Outline of the Paper

The rest of the paper is organized as follows. In Section II,
LF representation of a Lambertian scene and its spectrum
are briefly reviewed. In Section III, the spectrum of an
LFV containing Lambertian objects moving with constant
velocity and at constant depth is analyzed. The design and
implementation of an appropriate 5-D depth-velocity filterthat
can be employed to enhance moving objects in an LFV are
presented in Section IV. Furthermore, we present experimental
results obtained for an LFV of a real scene in Section IV.
In Section V, we briefly discuss effects of non-Lambertian
reflections and occlusion on the enhancement of moving ob-
jects in an LFV by employing 5-D depth-velocity filters and a
strategy to enhance Lambertian objects moving at non-constant
depth. Finally, conclusions and future work are presented in
Section VI.
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Fig. 1. (a) The two-plane parameterization of a Lambertian scene comprised of an object having Lambertian surfaces; (b) the parameterization of a Lambertian
point source of intensityl0 in the xu subspace.

II. REVIEW OF LF REPRESENTATION OF ALAMBERTIAN

SCENE AND ITS SPECTRUM

We briefly review the LF representation of a Lambertian
scene and its spectrum, i.e. the Fourier transform, in this
section. To this end, we consider the standard two-plane
parameterization [16] of a simple Lambertian scene as shown
in Fig. 1. Note that, in the case of a camera array, the
camera planexy corresponds to the plane containing the
principal planes of the camera lenses, and the image plane
uv corresponds to the coplanar focal planes of the cameras.
For simplicity, the scene is assumed to have no occlusion.
Furthermore, windowing effects due to the finite number of
cameras and due to the limited field-of-view of each camera
are ignored, i.e. both the camera planexy and the image plane
uv are of infinite extent. Also note that the image coordinate
(u, v) is defined locally with respect to the camera position
(x, y). In the two-plane parameterization, the pinhole camera
model is assumed, and each rayr is parameterized by its
intersections with thexy anduv planes. In other words, each
ray r is represented by the 4-tuple(x, y, u, v) ∈ R

4, where
the coordinates(x, y) and (u, v) represent the position and
direction of the ray, respectively.

The simple scene illustrated in Fig. 1 is comprised of an
object having Lambertian surfaces [49](ch. 2.2). A Lambertian
surface may be considered as a collection of Lambertian point
sources and, therefore, the LF of a Lambertian object is given
by the superposition of the LFs of corresponding Lambertian
point sources. Consequently, in the following review and inthe
analysis presented in Section III, we mainly pay our attention
to the LF and LFV representation ofLambertian point sources.

The 4-D continuous-domain LFl4C(x, y, u, v) correspond-
ing to a Lambertian point source is a plane of constant value
l0, where l0 is the intensity (or radiance) of the Lambertian
point source. The plane is given by the intersection of the two
3-D hyperplanes

mx+ u+ cx = 0 (1a)

my + v + cy = 0, (1b)

having normal vectors[m, 0, 1, 0]T and [0,m, 0, 1]T, respec-

tively, where

m =
D

z0
(2a)

cx =
−Dx0

z0
(2b)

cy =
−Dy0
z0

, (2c)

where(x0, y0, z0) ∈ R
2×R

+ is the position of the Lambertian
point source andD is the distance between the camera plane
xy and the image planeuv [28]. Here and in the rest of the
paper, ann-D hyperplane, wheren = 3, 4, means ann-D
manifold in the(n + 1)-D space that is uniquely determined
by the(n+1)-D normal vector and an(n+1)-D point on the
n-D hyperplane. The LFl4C(x, y, u, v) may be expressed as

l4C(x, y, u, v) = l0 δ(mx+ u+ cx) δ(my + v + cy), (3)

where δ(·) is the one-dimensional (1-D) continuous-domain
impulse function.

The spectrum ofl4C(x, y, u, v), L4C(Ωx,Ωy,Ωu,Ωv), and
its ROSP4C are obtained as [28], [43]

L4C(Ωx,Ωy,Ωu,Ωv) = 4π2l0 δ(Ωx −mΩu) δ(Ωy −mΩv)

× ej(Ωucx+Ωvcy) (4)

and

P4C = H4C,xu ∩H4C,yv, (5)

respectively, where(Ωx,Ωy,Ωu,Ωv) ∈ R
4 and

H4C,xu = {(Ωx,Ωy,Ωu,Ωv) ∈ R
4 | Ωx −mΩu = 0} (6a)

H4C,yv = {(Ωx,Ωy,Ωu,Ωv) ∈ R
4 | Ωy −mΩv = 0}. (6b)

The ROSP4C is a plane through the origin in the 4-D con-
tinuous frequency domain, which is given by the intersection
of the two 3-D hyperplanes

Ωx −mΩu = 0 (7a)

Ωy −mΩv = 0 (7b)

having normal vectors[1, 0,−m, 0]T and [0, 1, 0,−m]T, re-
spectively. The ROSP4C depends only on the depthz0 of
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Fig. 2. (a) A Lambertian point source of intensityl0 moves with the constant velocityV = [Vx, Vy , Vz ]T; (b) the representation of the Lambertian point
source in thexu subspace.

the Lambertian point source [28], [43]. In the case of a
Lambertian object, where the depth varies in a range, i.e.
z0 ∈ [dmin, dmax] (see Fig. 1), the ROS of the spectrum,
O4C, is obtained as

O4C =
⋃

z0

P4C

=
⋃

z0

(H4C,xu ∩H4C,yv) , (8)

which is a 3-D hyperfan in the 4-D continuous frequency
domain [45].

III. A NALYSIS OF THE SPECTRUM OF ALAMBERTIAN

OBJECTMOVING WITH CONSTANT VELOCITY

A. LFV Representation of a Lambertian Point Source

Consider the case shown in Fig. 2, where a Lambertian
point source of intensityl0 moves with theconstantvelocity
V = [Vx, Vy, Vz]

T. Similar to the 4-D continuous-domain LF
representation of a Lambertian point source, as discussed in
the previous section, the 5-D continuous-domain LFVl5C(x),
x = [x, y, u, v, t]T ∈ R

5, may be expressed as

l5C(x) = l0 δ(m(t)x+ u+ cx(t)) δ(m(t)y + v + cy(t)),
(9)

where

m(t) =
D

z(t)
(10a)

cx(t) =
−Dx(t)

z(t)
(10b)

cy(t) =
−Dy(t)

z(t)
. (10c)

In this case, similar to theconstant intensity assump-
tion [50](ch. 2.3) employed in analysis of moving objects in
conventional 3-D videos, we assume that the intensityl0 of the
Lambertian point source does not change with time, i.e. the
scene is underhomogeneous ambient illumination. Because

x(t) = Vxt+ x0 (11a)

y(t) = Vyt+ y0 (11b)

z(t) = Vzt+ z0, (11c)

where(x0, y0, z0) ∈ R
2×R

+ is the position of the Lambertian
point source att = 0, after some manipulation, (9) can be
rewritten as

l5C(x) = l0 δ(mx+ u+ kxt− kzut+ cx)

× δ(my + v + kyt− kzvt+ cy), (12)

wherem, cx andcy are given by (2a), (2b) and (2c), respec-
tively, and

kx =
−DVx

z0
(13a)

ky =
−DVy

z0
(13b)

kz =
−Vz

z0
. (13c)

According to (12), the Lambertian point source is represented
in the LFV l5C(x) as a3-D hypersurface of constant valuel0,
which is given by the intersection of the two 4-D hypersurfaces

mx+ u+ kxt− kzut+ cx = 0 (14a)

my + v + kyt− kzvt+ cy = 0. (14b)

In the case, where the Lambertian point source moves at a
constant depthz0, i.e. Vz = 0, (12) reduces to

l5C(x) = l0 δ(mx+ u+ kxt+ cx)

× δ(my + v + kyt+ cy). (15)

In this case, the Lambertian point source is represented in the
LFV l5C(x) as a3-D hyperplane of constant valuel0, which
is given by the intersection of the two 4-D hyperplanes

mx+ u+ kxt+ cx = 0 (16a)

my + v + kyt+ cy = 0 (16b)

having normal vectors[m, 0, 1, 0, kx]
T and [0,m, 0, 1, ky]

T,
respectively.

B. Spectrum of a Lambertian Point Source Moving at a
Constant Depth

In this subsection, the spectrum ofl5C(x) is derived in
closed form for the caseVz = 0. The spectrumL5C(Ω),
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Fig. 3. The ROS of the spectrum,P5C, (a)H5C,xu in theΩxΩu subspace; (b)H5C,yv in theΩyΩv subspace; asz0 varies in the range(0,∞), θ varies
in the range(0◦, 90◦). (c) H5C,uvt in theΩuΩvΩt subspace.

Ω = [Ωx,Ωy,Ωu,Ωv,Ωt]
T ∈ R

5, can be obtained as

L5C(Ω) = 8π3l0 δ(Ωx −mΩu) δ(Ωy −mΩv)

× δ(Ωt − kxΩu − kyΩv) e
j(Ωucx+Ωvcy) (17)

as derived in Appendix I. Note that, similar to the spectrum
of an object moving with constant 2-D spatial velocity in a
conventional 3-D video [50](ch. 2.3), (17) can be expressed
as

L5C(Ω) = 2π L4C(Ωx,Ωy,Ωu,Ωv)

× δ(Ωt − kxΩu − kyΩv), (18)

where L4C(Ωx,Ωy,Ωu,Ωv) is the spectrum of thetime-
invariant LF of the Lambertian point source as given in (4).

From (17), the ROS of the spectrum,P5C, can be obtained
as

P5C = H5C,xu ∩H5C,yv ∩H5C,uvt, (19)

where

H5C,xu = {Ω ∈ R
5 | Ωx −mΩu = 0} (20a)

H5C,yv = {Ω ∈ R
5 | Ωy −mΩv = 0} (20b)

H5C,uvt = {Ω ∈ R
5 | Ωt − kxΩu − kyΩv = 0}, (20c)

which are illustrated in Figs. 3(a)–3(c), respectively. The ROS
P5C is a plane through the originin the 5-D continuous
frequency domain, which is given by the intersection of the
three 4-D hyperplanes

Ωx −mΩu = 0 (21a)

Ωy −mΩv = 0 (21b)

Ωt − kxΩu − kyΩv = 0 (21c)

having normal vectors[1, 0,−m, 0, 0]T, [0, 1, 0,−m, 0]T and
[0, 0,−kx,−ky, 1]

T, respectively. Note that the ROSP5C

depends on both the constant velocity vectorV = [Vx, Vy, 0]
T

and the depthz0 of the Lambertian point source, implying
that Lambertian point sources moving with different constant
velocities or at different depths ideally havenon-overlapping
ROSs except at the origin. This fact is the basis for enhancing
moving objects in LFVs by employing 5-D depth-velocity
filters described in Section IV.

C. ROS of the Spectrum of a Lambertian Object Moving at a
Constant Depth

In the context of filter design, the ROS of the spectrum is
more important than the spectrum itself since the most of the
design specifications, such as cutoff frequencies, of a filter are
determined based on the ROS of the spectra of signals to be
filtered. In this subsection, we derive the ROS of the spectrum
of a Lambertian object moving withV = [Vx, Vy, 0]

T.
The Lambertian object may be considered as a collection

of Lambertian point sources having depthz0 ∈ [dmin, dmax]
(see Fig. 1). Therefore, the ROS of the spectrum,O5C, can
be obtained as theunion of the ROSs of the spectra of
the corresponding Lambertian point sources because of the
linearity of the Fourier transform [51](ch. 1.3), i.e.

O5C =
⋃

z0

P5C

=
⋃

z0

(H5C,xu ∩H5C,yv ∩H5C,uvt) . (22)

The ROSO5C is askewed 3-D hyperfanin the 5-D continuous
frequency domain. Here, 3-D hyperfan means a 3-D manifold
that can be formed by sweeping a plane through the 4-D or 5-
D space. The degree of skew of the 3-D hyperfan depends on
both velocity and depth of the moving object whereas the angle
of the 3-D hyperfan depends on the depth range occupied by
the moving object. Note that, similar to 4D LFs, we observe
a dimensionality gapin the ROS of the spectrum; that is the
5-D LFV is reduced to a 3-D manifold in the 5-D continuous
frequency domain. In this case, one dimension is reduced due
to the fact that the Lambertian scene is in fact in the 3-D space
though represented as 4-D in the corresponding LF [44]. In
other words, the parameterm in (16a) and (16b) is the same
for both 4-D hyperplanes for a point in the 3-D space. The
other dimension is reduced as a consequence of the constant
intensity assumption.

D. ROS of the Spectrum Corresponding to a Discrete-Domain
LFV

An LFV obtained from an LFV camera is in fact a discrete-
domain (sampled) signal. Consequently, processing of LFVs
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is carried out in the discrete-domain. In this subsection, we
derive the ROS of the spectrum corresponding to adiscrete-
domainLFV. To this end, we assume that the discrete-domain
LFV l5D(n), n = [nx, ny, nu, nv, nt]

T ∈ Z
5, is generated by

rectangularly sampling the corresponding continuous-domain
LFV l5C(x), with the sampling matrix

∆ = diag[∆x,∆y,∆u,∆v,∆t], (23)

where the term “diag” denotes a diagonal matrix and∆i,
i = x, y, u, v, t, is the sampling interval along the corre-
sponding dimension. Furthermore, the5-D principal Nyquist
hypercube in the 5-D discrete frequency domainω (=
[ωx, ωy, ωu, ωv, ωt]

T ∈ R
5, where ωi = Ωi∆i, i =

x, y, u, v, t) is defined as

N ,
{
ω ∈ R

5 | − π ≤ ωi ≤ π, i = x, y, u, v, t
}
. (24)

The discrete-domain spectrumL5D(ω) is a periodic ex-
tension of the corresponding continuous-domain spectrum
L5D(Ω) and is given by [51](ch. 1.4)

L5D(ω) =
1

|det∆|

∑

k

L5C

(
Ω− 2π∆−1

k
)
, (25)

wherek ∈ Z
5 and the term “det” denotes the determinant of

a matrix. Even though the spectrum of an LF is, in general,
band unlimited, most of the energy of the spectrum resides
within a finite 4-D hypervolume denoted as theessential
bandwidth [47], [48]. Therefore, most LFs can be sampled
with negligible aliasing. It is clear from (17) and especially
from (18) that the maximum temporal frequency ofL5C(Ω)
depends only on the maximum values ofkx andky, and the
essential bandwidth ofL4C(Ωx,Ωy,Ωu,Ωv) on theΩu and
Ωv dimensions. Consequently, with finitekx andky, we can
conclude that the essential bandwidth ofL5C(Ω) on theΩt

dimension isfinite. Therefore, the continuous-domain LFV
l5C(x) can be sampled with negligible aliasing by employing
a sufficiently high temporal sampling rate and, for this case,
the ROS of the spectrum,O5D, insideN is obtained as

O5D =
⋃

z0

(H5D,xu ∩H5D,yv ∩H5D,uvt) , (26)

where

H5D,xu =

{
ω ∈ N

∣∣∣ ωx −

(
m∆x

∆u

)
ωu = 0

}
(27a)

H5D,yv =

{
ω ∈ N

∣∣∣ ωy −

(
m∆y

∆v

)
ωv = 0

}
(27b)

H5D,uvt =

{
ω ∈ N

∣∣∣ ωt −

(
kx∆t

∆u

)
ωu

−

(
ky∆t

∆v

)
ωv = 0

}
. (27c)

E. Numerical Simulation of the ROS of the Spectrum

In this subsection, we present the numerically simulated
ROS of the spectrum of a discrete-domain LFV that corre-
sponds to a Lambertian object moving with a constant velocity
and at a constant depth. Note that, for illustration purposes,

the LFV is restricted to thex, u and t dimensions. The time-
invariant intensity pattern of the Lambertian object is selected
as sinusoidal and the velocityVx is selected as3 pixels/frame.
Furthermore, the distanceD between the camera planexy and
the image planeuv is selected as50 cm, and the Lambertian
object occupies the depth range[30, 70] cm. The LFV of size
256 × 128 × 64 is numerically generated. The epipolar-plane
images [52] corresponding to10th and40th frames of the LFV
are shown in Figs. 4 (a) and 4 (b), respectively.

In the present case, where only thex, u and t dimensions
are incorporated, the ROS of the spectrum,O3D, insideN can
be obtained, by following a procedure similar to that employed
in the previous subsection, as

O3D =
⋃

z0

(H3D,xu ∩H3D,ut) , (28)

where

H3D,xu =

{
ω ∈ N

∣∣∣ ωx −

(
m∆x

∆u

)
ωu = 0

}
(29a)

H3D,ut =

{
ω ∈ N

∣∣∣ ωt −

(
kx∆t

∆u

)
ωu = 0

}
. (29b)

Note that, in this case,ω = [ωx, ωu, ωt]
T ∈ R

3 andN is the
principal Nyquist cube in the 3-D discrete frequency domain.
The ROS of the spectrum corresponding to a single depthz0
is a straight line through the origin of which the orientation
is determined by the depthz0 and the velocityVx. For a
Lambertian object where depthz0 ∈ [dmin, dmax], the ROS
is a collection of straight lines that resembles a skewed fan-
shaped surface insideN , with the degree of skew depending
on the velocity and depth. For example, forVx = 0, the fan lies
on theωxωu plane, and whenVx increases, the angle between
the fan and theωxωu plane increases.

The ROS of the spectrum of the numerically generated LFV
is shown in Fig. 5. It is observed that the ROS of the spectrum
is approximately a fan-shaped surface insideN . Consequently,
the numerically obtained ROS of the spectrum is consistent
with the theoretically predicted ROS of the spectrum. The
slight deviations of the numerically obtained ROS of the
spectrum from an ideal fan-shaped surface are mainly due to
windowing effects caused by the finite number of samples
available forx andu dimensions.

IV. ENHANCING MOVING OBJECTSUSING 5-D
DEPTH-VELOCITY FILTERS: EXPERIMENTAL RESULTS

It is clear from the spectral analysis presented in Section III
that the ROSs of the spectra of objects moving with different
constant velocities or at different depths are distinct anddo not
overlap except at the origin. Consequently, by employing a 5-
D depth-velocity filter of which the passband encompasses the
ROS of the spectrum of the object of interest and the stopband
encompasses the ROSs of the spectra of interfering objects,
the object of interest can be enhanced while attenuating the
interfering objects. In this section, we present experimental
results obtained for an LFV of a real scene, where 5-D depth-
velocity filters are employed to enhance moving objects of
interest while attenuating other interfering moving objects that
move with different velocities or at different depths.
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(a)

n
x

n u

(b)

n
x

n u

Fig. 4. The epipolar-plane images of the generated LFV (a)10th frame; (b)
40th frame.

Fig. 5. The ROS of the spectrum of the numerically generated LFV. The
magnitude of the spectrum is normalized, and the iso-surface is drawn at0.05.

A. Experimental Setup and Generation of the LFV

The experimental setup, shown in Fig. 6, is comprised
of a blue car (object of interest), and a red and an orange
trucks (interfering objects). All three vehicles were manually
moved in planes approximately parallel to the camera plane
and a commercially available Lytro LF camera [53] was
employed to capture static LFs of the scene. The scene is under
homogeneous ambient illumination so that specular reflections
are minimum. The depth ranges occupied by the blue car, red
truck and the orange truck are[160, 163] cm, [157, 160] cm
and [108.5, 111.5] cm, respectively. The blue car and orange
truck were manually moved from left to right with the speed
of 1 cm per frame whereas the red truck was manually moved
from right to left with the speed of1 cm per frame. Note that
the red truck moves at approximately the same depth of the
blue car so that the red truck is very difficult to be attenuated
by using 4-D depth filters. On the other hand, the orange truck

Lytro camera

Object of interest

Interfering objects

Fig. 6. The experimental setup employed to generate the LFV. A Lytro LF
camera was employed to capture individual frames of the scene.The blue car
(object of interest) and the red truck (interfering object)move at approximately
the same depth whereas the blue car and the orange truck (interfering object)
move with approximately the same velocity.

Hxu(zx, zu) Hyv(zy, zv) Huvt(zu, zv, zt)

l5D(n) l̂5D(n)

Fig. 7. Structure of the 5-D depth-velocity filter.

moves with approximately the same velocity of the blue car
so that the orange truck is very difficult to be attenuated by
using 3-D velocity filters. Sixty four LFs were captured, and
each LF was decoded by using the LFP File Reader (Version
2.0) [54] and the MATLAB LFToolbox (Version 0.2) [55]. The
generated LFV is of the size9× 9× 370× 256× 64.

B. Design of the 5-D Depth-Velocity Filter

The 5-D depth-velocity filterH(z), [zx, zy, zu, zv, zt]
T ∈

C
5 is designed as a cascade of two 2-D filters,Hxu(zx, zu) and

Hyv(zy, zv), and a one 3-D filter,Huvt(zu, zv, zt) as shown in
Fig. 7. The passband of each of the three filters is selected as
4-D hyperplanes inside the 5-D principal Nyquist hypercube
N . In particular, the passbands ofHxu(zx, zu), Hyv(zy, zv)
andHuvt(zu, zv, zt) encompass the 5-D hypervolumes given
by

Bxu =
⋃

z0

H5D,xu (30a)

Byv =
⋃

z0

H5D,yv (30b)

Buvt =
⋃

z0

H5D,uvt (30c)

respectively, as illustrated in Fig. 8. Here,H5D,xu, H5D,yv and
H5D,uvt, given by (27a), (27b) and (27c), respectively, are the
4-D hyperplanes corresponding to the ROS of the spectrum of
the object of interest. The overall passbandB of H(z), which
is a plane inside the 5-D principal Nyquist hypercubeN , is
given by the intersection ofBxu, Byv andBuvt, i.e.

B =

(
⋃

z0

H5D,xu

)
⋂
(
⋃

z0

H5D,yv

)
⋂
(
⋃

z0

H5D,uvt

)
.

(31)

Note that, the 3-D hyperfan corresponding to the ROS of the
spectrum of the object of interest, given by (26), is aproper
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ωx

π

O

ωu

Passband of

−π

−π π

ROS of the
spectrum

Hxu(zx, zu)

(a)

ωy

π

O

ωv

Passband of

−π

−π π

ROS of the
spectrum

Hyv(zy, zv)

(b)

Passband of ROS of the
spectrumHuvt(zu, zv, zt)

ωt

ωv

π

O

−π

−π π

ωu

−π

π

(c)

Fig. 8. The ROS of the spectrum of the object of interest (solid) and the passband (cross-hatched) of (a)Hxu(zx, zu) on theωxωu plane; (b)Hyv(zy , zv)
on theωyωv plane; (c)Huvt(zu, zv , zt) in theωuωvωt space.

ωx

π

O

ωu

Passband of

−π

−π π

ωx = auωu + bx

Hxu(zx, zu)
bu

−bu

bx

−bx

ωx = auωu − bx

Fig. 9. Frequency-domain specifications of the ROS ofHxu(zx, zu). The
parameterau determines the orientation of the planar passband.bx and bu
are the bandwidths of the filter along thex andu dimensions, respectively,
andbu = bx/au.

subsetof B. Consequently, the passband ofH(z) completely
encompasses the ROS of the spectrum of the object of interest.
Furthermore, most of the ROSs of the spectra of interfering
objects lie outside the passband ofH(z).

The filtersHxu(zx, zu), Hyv(zy, zv) and Huvt(zu, zv, zt)
are designed as FIR filters by employing the so-called window-
ing method [51](ch. 3.3). The frequency-domain specifications
of the ROS ofHxu(zx, zu) are shown in Fig. 9. The parameter
au determines the orientation of the planar passband, andbx
and bu are the bandwidths of the filter along thex and u
dimensions, respectively. Note thatbu = bx/au. The ideal
infinite-extent impulse responsehI

xu(nx, nu) of Hxu(zx, zu)
is derived in Appendix II. The finite-extent impulse response
hxu(nx, nu) of Hxu(zx, zu) (of orderMx ×Mu) is obtained
as

hxu(nx, nu) = hI
xu(nx, nu)wR(nx, nu), (32)

where wR(nx, nu) is the 2-D rectangular window of size
(Mx + 1) × (Mu + 1) [51](ch. 3.3). The design of the filter
Hyv(zy, zv) can be carried out similar to that ofHxu(zx, zu).

The velocityVy of the object of the interest employed in
the experiment is zero (hence,ky = 0). In this special case,
Buvt, given in (30c), is independent of theωv dimension.

Consequently, the passband ofHuvt(zu, zv, zt) is independent
of the ωv dimension, andHuvt(zu, zv, zt) reduces to a 2-D
filter Hut(zu, zt). In fact, the finite-extent impulse response
huvt(nu, nv, nt) can be expressed as

huvt(nu, nv, nt) = [hI
ut(nu, nt)wR(nu, nt)] δ(nt), (33)

where hI
ut(nu, nt) can be obtained fromhI

xu(nx, nu) pre-
sented in Appendix II, by replacing(nx, nu) with (nu, nt),
and the parametersau andbx with the counterpart parameters
at andbu, respectively.

C. Experimental Results

In this subsection, we present the experimental results
obtained by filtering the generated LFV with the designed 5-D
depth-velocity filter. The frequency specifications for the5-D
depth-velocity filter design are based on the parameterization
of the decoded LFV [55] which is a two plane parameterization
different than the one used for the analysis presented in
Sections II and III. This leads to the filtersHxu(zx, zu) and
Hyv(zy, zv) being designed with the parametersau = av =
−0.33 and bx = by = 0.04 rad/sample. The order of these
filters is 8× 40. The magnitude response|Hxu(e

jωx , ejωu)| is
shown in Fig. 10. A wider transition band exists along theωx

dimension as a result of the lower order for thex dimension.
Consequently, the performance in enhancing moving objects
based on depth may be poor, and this fact is further discussed
in Section IV-D. The magnitude response ofHyv(zy, zv) is the
same as that ofHxu(zx, zu), which is shown in Fig. 10. A filter
Hut(zu, zt) of order 40 × 40, designed with the parameters
at = −0.25 and bu = 0.02 rad/sample, is employed in the
experiment. The magnitude response|Huvt(e

jωu , ejωv , ejωt)|
is shown in Fig. 11. Note that the much narrower transition
band compared to that of|Hxu(e

jωx , ejωu)|. The order of the
5-D depth-velocity filterH(z) is 8× 8× 80× 40× 40.

Three frames of the original and filtered LFVs1, correspond-
ing to the central sub-aperture (nx, ny = 5), are shown in
Fig. 12. It can be observed that the object of interest (blue car)
is enhanced with slight distortion while the two interfering
objects (red and orange trucks) are substantially attenuated.

1The complete 3-D videos corresponding to the central sub-aperture are
available online at http://www.ece.uvic.ca/~panagath/research/5D-DV-F.html.
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Fig. 10. Magnitude response|Hxu(ejωx , ejωu )| of the 2-D FIR filter
Hxu(zx, zu).

Most importantly, it can be seen in the30th frame that the
object of interest, which is completely occluded in the original
LFV, is considerably exposed in the filtered LFV. Furthermore,
the noise present in the original LFV is significantly attenuated
by the 5-D depth-velocity filter. This is due to the fact that
most of the noise energy resides in the 5-D hypervolume
corresponding to the stopband of the 5-D depth-velocity filter.
These results confirm the successful enhancement of the object
of interest based on depthand velocity by the 5-D depth-
velocity filter. Considering the capability of enhancing moving
objects and exposing heavily occluded parts of a dynamic
scene, such filters are of significant interest for applications
such as digital video photography, surveillance and security
systems, robotics, and various applications in computer vision.

D. Performance Limitations of Proposed 5-D Depth-Velocity
Filters

In the frames of the filtered LFV, shown in Fig. 12, it can
be observed that the orange truck (interfering object moving
at a different depth) is less attenuated compared to the red
truck (interfering object moving with a different velocity).
This is mainly caused by the poor selectivity ofHxu(zx, zu)
andHyv(zy, zv), which primarily perform enhancement based
on depth, compared to the selectivity ofHuvt(zu, zv, zt),
which primarily performs enhancement based on velocity. See
Figs. 10 and 11(b) for comparison. Among other factors,
the selectivity of a filter is determined by the order of the
filter, which in turn partly depend on the number of samples
available for a particular dimension. For example, in our case,
the orders ofHxu(zx, zu) andHyv(zy, zv) corresponding to
thex andy dimensions, respectively, cannot exceed8 because
the number of samples available for those two dimensions (or
the number of sub-apertures of the available Lytro LF camera)
are 9. On the other hand, the order ofHuvt(zu, zv, zt) can
be as high as40 × 40 × 40 or even higher. Consequently, if
the number of samples available for thex and y dimensions
are comparatively low, the performance of 5-D depth-velocity
filters on the enhancement of moving objects based on depth
may be poor. This limitation on the highest possible order

corresponding to thex andy dimensions are especially critical
on the performance of FIR filters, for which substantially
high orders are necessary to achieve substantial selectivity
and stopband attenuation. Furthermore, the depth resolution is
affected by the aperture size of the LFV camera. Consequently,
in addition to the number of samples available for thex andy
dimensions, a sufficiently large aperture is required for better
enhancement based on depth. It is expected that the future
generations of LFV cameras will offer much increased number
of sub-apertures and sufficiently large apertures, which will
eliminate the above mentioned drawback.

V. D ISCUSSION

A. Effects of Non-Lambertian Reflections and Occlusion

Although we assumed pure Lambertian objects in the analy-
sis presented in Section III, in some cases, light rays emanating
from a point source change with the elevation and azimuth
angles. Also, except for some trivial cases, almost all real
world scenes suffer from occluded objects. Consequently, if
the passband of a 5-D depth-velocity filter only encompasses
the ROS of the spectrum corresponding to a Lambertian object
of interest with no occlusion, there may appear undesired arti-
facts when the real object of interest contains non-Lambertian
or specular reflections and is occluded. As pointed out in [30]
and [45], such artifacts may include the disappearance of non-
Lambertian or specular reflections for the object of interest,
the appearance of such reflections for interfering objects and
the appearance of attenuated interfering objects in place of
occluded parts of the object of interest. It is shown in [46] that
non-Lambertian reflections and occlusion broaden the ROS of
the spectrum of a Lambertian scene. Therefore, such artifacts
may be alleviated by appropriately widening the passband of
a 5-D depth-velocity filter so that most of the energy of the
broadened spectrum resides inside the passband at the cost of
reduced selectivity.

B. Enhancing Lambertian Objects Moving at Non-Constant
Depth

In this subsection, we briefly discuss the enhancement of
Lambertian objects moving at non-constant depth, i.e. with
Vz 6= 0. In this case, we divide the depth range associated
with the motion into small uniform segments similar to the
truncating windowsapproach employed for light field ren-
dering in [43], where depth is approximated aspiece-wise
constant. To elaborate this further, we consider the case of
a Lambertian point source moving with the constant velocity
V = [Vx, Vy, Vz]

T as shown in Fig. 2. With the depth-
segment model, the two 4-D hypersurfaces corresponding to
the representation of the Lambertian point source in the LFV,
mx+u+kxt−kzut+cx = 0 andmy+v+kyt−kzvt+cy = 0
(see (12), (14a) and (14b)), may be approximated with the two
time-varying4-D hyperplanes

m(t)x+ u+ kx(t)t+ cx(t) = 0 (34a)

m(t)y + v + ky(t)t+ cy(t) = 0, (34b)

respectively, wherem(t), cx(t), cy(t), kx(t) and ky(t), are
piece-wise constantwith respect to the timet. They can be
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Fig. 11. Magnitude response|Huvt(ejωu , ejωv , ejωt )| of the 3-D FIR filterHuvt(zu, zv , zt) (a) −3 dB iso-surface (b) cross section obtained atωv = 0.

(a) (b) (c)

(d) (e) (f)

Fig. 12. Three frames of the original LFV (top row) and the filtered LFV (bottom row),nx, ny = 5; (a) and (d)10th frame; (b) and (e)30th frame; (c) and
(f) 45th frame. The object of interest (blue car) is enhanced with slight distortion while the two interfering objects (red and orange trucks) are substantially
attenuated. Note that, in the30th frame, the object of interest is completely occluded in the original LFV and, in the filtered LFV, the object of interest is
considerably exposed.

estimated using (2a), (2b), (2c), (13a) and (13b), respectively,
by replacingx0 with xp

m, y0 with ypm and z0 with zpm. Here
xp
m andypm are, respectively, the arithmetic mean of thex and

y ranges corresponding to thepth depth segment, andzpm is
the harmonic mean of thez range corresponding to thepth
depth segment, given by

zpm =
2 dpi d

p
f

dpi + dpf
, (35)

where dpi and dpf are the initial and final values of the
pth depth segment, respectively. Note that the ROS of the
spectrum depends only onm(t), kx(t) and ky(t) (see (19)
and (20a)-(20c)), which depend onzpm and are independent
of xp

m and ypm. Because of the time-varying nature of the

LFV representation, the passband of the 5-D depth-velocity
filter is required to be adjusted accordingly, i.e. the 5-D
depth-velocity filter should be a 5-Dadaptivefilter. The filter
design can be carried out following an approach similar to
the one presented in Section IV-B. However, in this case, the
coefficients of the transfer functionsHxu(zx, zu), Hyv(zy, zv)
andHuvt(zu, zv, zt) (or the corresponding impulse responses)
are functions of time rather than constants. Furthermore,
for a given depth segment, the passbands ofHxu(zx, zu),
Hyv(zy, zv) and Huvt(zu, zv, zt) should be selected so that
they encompass the 5-D hypervolumes corresponding to the
entire rangeof the depth segment. For example, for thepth
depth segment, the passbands should encompass the ROS
given by (26) forz0 ∈ [dpi , d

p
f ].
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VI. CONCLUSIONS ANDFUTURE WORK

The spectrum of an LFV that corresponds to a Lambertian
object moving with constant velocity and at constant depth
is analyzed, and it is shown that such moving objects can
be enhanced based on depthand velocity by employing 5-
D depth-velocity filters. For this, a novel 5-D depth-velocity
filter having a planar passband in the 5-D frequency domain is
proposed and implemented. It is shown, by means of an LFV
generated using a commercially available Lytro LF camera,
that the proposed filter is effective in enhancing moving
objects based on depth and velocity.

For the LFV employed in the experiments, the performance
of the proposed 5-D depth-velocity filter in enhancing moving
objects based on velocity is better compared to the perfor-
mance in enhancing based on depth. This is mainly due to
the limited number of sub-apertures of the available Lytro LF
camera. This drawback may be partially addressed in future
by the availability of next-generation LFV cameras, featuring
increased sub-aperture counts.

For filtering the generated LFV, the 5-D depth-velocity
filter was designed as a 5-D FIR filter. Future work includes
design of appropriate 5-D IIR depth-velocity filters, whichmay
provide lower computational complexity compared to the FIR
counterparts. Furthermore, the design of 5-D depth-velocity
filters that can be employed to enhance objects moving atnon-
constant depthswill be considered.

APPENDIX I
DERIVATION OF THE SPECTRUM OF ALAMBERTIAN POINT

SOURCEMOVING AT A CONSTANT DEPTH

The 5-D continuous-domain Fourier transform ofl5C(x)
given in (15) can be expressed as

L5C(Ω) =

∞∫
· · ·

∫

x,y,u,v,t=−∞

l5C(x) e
jΩT

x dx

=

∞∫
· · ·

∫

x,y,u,v,t=−∞

l0 δ(mx+ u+ kxt+ cx)

× δ(my + v + kyt+ cy) e
jΩT

x dx

= l0

∞∫

t=−∞

L3C(Ωx,Ωu, t)L3C(Ωy,Ωv, t)

× e−jΩtt dt, (36)

where

L3C(Ωx,Ωu, t) =

∞∫∫

x,u=−∞

δ(mx+ u+ kxt+ cx)

× e−j(Ωxx+Ωuu) dudx (37a)

L3C(Ωy,Ωv, t) =

∞∫∫

y,v=−∞

δ(my + v + kyt+ cy)

× e−j(Ωyy+Ωvv) dvdy. (37b)

Now we evaluate (37a) as

L3C(Ωx,Ωu, t) =

∞∫∫

x,u=−∞

δ(mx+ u+ kxt+ cx)

× e−j(Ωxx+Ωuu) dudx

=

∞∫

x=−∞

e−j(Ωxx+Ωu(−mx−kxt−cx)) dx

= ejΩu(kxt+cx)

∞∫

x=−∞

e−j(Ωx−mΩu)x dx

= 2π δ(Ωx −mΩu) e
jΩu(kxt+cx). (38)

Here, we have used the fact thatδ(mx + u + kxt + cx) 6= 0
only whenmx+ u+ kxt+ cx = 0. Similarly, L3C(Ωy,Ωv, t)
can be obtained as

L3C(Ωy,Ωv, t) = 2π δ(Ωy −mΩv) e
jΩv(kyt+cy). (39)

By substituting (38) and (39) into (36),L5C(Ω) can be
obtained as

L5C(Ω) = 4π2l0 δ(Ωx −mΩu) δ(Ωy −mΩv) e
j(Ωucx+Ωvcy)

×

∞∫

t=−∞

e−j(Ωt−kxΩu−kyΩv)t dt

= 8π3l0 δ(Ωx −mΩu) δ(Ωy −mΩv)

× δ(Ωt − kxΩu − kyΩv) e
j(Ωucx+Ωvcy). (40)

APPENDIX II
DERIVATION OF THE IDEAL INFINITE-EXTENT IMPULSE

RESPONSE OFHxu(zx, zu)

The ideal frequency response ofHxu(zx, zu), inside the
principal Nyquist square of(ωx, ωu) ∈ R

2, may be expressed
as

Hxu(e
jωx , ejωu) =

{
1, auωu − bx ≤ ωx ≤ auωu + bx

0, otherwise.

(41)

Then, the ideal infinite-extent impulse responsehI
xu(nx, nu) of

Hxu(zx, zu) can be obtained, by using the 2-D Fourier series
expansion ofHxu(e

jωx , ejωu), as [51](ch. 1.3)

hI
xu(nx, nu) =

1

4π2

π∫∫

ωu,ωx=−π

Hxu(e
jωx , ejωu)

× ej(ωxnx+ωunu) dωxdωu

=
1

4π2

π∫

ωu=−π

auωu+bx∫

ωx=auωu−bx

1

× ej(ωxnx+ωunu) dωxdωu. (42)

After some manipulation and considering the special cases for
which the denominator ofhI

xu(nx, nu) is zero, the closed-form
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expressions forhI
xu(nx, nu) can be obtained from (42) as

hI
xu(nx, nu) =

bx
π
, nx = 0 and nu = 0 (43a)

hI
xu(nx, nu) =

bx sin(nuπ)

nuπ2
, nx = 0 and nu 6= 0 (43b)

hI
xu(nx, nu) =

sin(bxnx)

nxπ
, nx 6= 0 and aunx + nu = 0

(43c)

hI
xu(nx, nu) =

sin(bxnx) sin[(aunx + nu)π]

nx(aunx + nu)π2
,

nx 6= 0 and aunx + nu 6= 0. (43d)
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